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Abstract-An Nth order two-dimensional theory is derived for strongly coupled piezoelectric layers that is
suitable for use in analyzing electro-mechanical transducer response in circumstances where the field
variations over the transducer face are important. Specific formulae are liven for the widely used ceramic
PZT-S.

The first few branches of the dispersion curves for PZT-S are obtained numerically for both the
three-dimensional theory and the approximate two-dimensional theory. The correspondence of these curves
at long wavelengths is used to determine a single correction factor. The face boundary conditions
accommodate unknown traction and voltage so that the theory can be used in transducer applications.

I. INTRODUCTION
This series of two papers aims to develop the theory necessary for analyzing electro­
mechanical transducers in cases when the mechanical loading over the face of the active
element is not spatially uniform. For our purposes the transducer is considered to be a
piezoelectric plate element made of polarized ferroelectric ceramic. This plate is an element in
an electrical circuit with known input impedance and it has its two faces coated with thin
electrodes. The faces are thus constrained to be electrical equi-potential surfaces. The mechanical
effects of the electrode coating are neglected, and we will not be considering here specific
transducer housing designs and mounting techniques. Part I is concerned with the general
theoretical development of the approximate 2-D theory and Part II contains some specific solutions
relevant to iransducer analysis.

First, we summarize the 3-D field equations of linear piezoelectricity theory. Resulting from
this is a set of differential equations that determine the motion in the layer. It is found that
significant information about the motion can be extracted from the structure of these equations
without explicitly solving them. Explicit solutions have been previously obtained, however, for
the special case of an infinite layer with vanishing tractions and vanishing electric potential at
the two faces [I]. These special case solutions prove useful in the evaluation of approximate 2-D
theories that are developed to deal with the general case of a bounded plate with
non-trivial face and edge boundary conditions.

Employing a general procedure introduced by Mindlin [2], but using trigonometric series
expansions instead of power series expansions, Lee and his students [3-5] have deduced 2-D
equations of motion of successively higher orders of approximation for isotropic elastic,
anisotropic elastic and piezoelectric crystal plates. In all these applications, no more than two
correction factors were utilized to produce from their approximate theories, the "exact" cut-off
frequencies given by the 3-D theory. Hence, they have achieved very close matching of the
dispersion curves of the approximate and 3-D theories for long wavelengths.

Among the references cited above, the paper by Syngellakis and Lee [5] comes closest to
having direct applicability to the subject of the present investigation. In that paper, 2-D
approximate field equations are derived for a piezoelectric plate with m-monoclinic symmetry.
However, some of the inhomogeneous terms in these differential equations involve the
magnitudes of the normal components of the electrical displacement vector at the two faces of
the plate. This theory is directly applicable to problems in which these magnitudes are specified
as a function of the in-plane coordinates. This occurs, for example, when the faces of the plate
are in contact with non-conducting media in which case the current across the faces and the
normal components of the electric displacement vector at the faces vanish. However, the
usefulness of this theory is severely diminished in problems where these functions are unknown.
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This is the difficulty encountered in the case of a transducer in which the faces of the plate are
coated with highly conductive electrodes. In dealing with such problems, the development of a
new set of approximate field equations that incorporate the modified face boundary conditions
in their derivation seems to be called for.

Such an approximate 2-D theory is developed here in Part I for polarized ferroelectric
ceramic plates at the faces of which the electric potential is specified as a' function of time
only. The development is based on trigonometric expansions in the thickness-coordinate
of the displacement components, as found in the references cited above, alo~ with a new
trigonometric expansion for the electric scalar potential function that satisfies specified boun­
dary values at the two faces. From these expansions 2-D field equation as well as 2-D kinetic
and internal energy densities and electric enthalpy density expressions are deduced and set
forth for the truncated system of arbitrarily large order N. For first and second order
approximations, the dispersion curves for an infinite plate for real and imaginary wave numbers
are examined and compared with corresponding solutions of the exact frequency equations of
the 3-D theory. The ranges offrequency and wave numberfor which these lower order theories are
applicable, are thus determined.

In Part II the special cases of the plain strain motion of an infinite layer with rectangular
cross section and the axisymmetric motion of a circular layer- are studied, For each case the
method of obtaining the closed-form analytical solution corresponding to the Nth order theory
is presented in detail. Both steady time-harmonic solutions and transient solutions for initial­
boundary value problems are given. In the axisymmetric case the output voltage as a function
of time resulting from the sudden release of a central point load is computed for a simply
supported circular plate.

2. THREE-DIMENSIONAL THEORY

The 3-D linear theory. of piezoelectricity is presented in Ref. [6] and is summarized by the
following system of 22 field equations in 22 unknown variables that are functions of position Xj

and time t.

1';j.; = piij (2.1)

D~i=O (2.2)

1';j = eljklSkl - ekjjEk (2.3)

DI = eilllSki +EikEk (2.4)

I (2.5)Ski = 2(Uk.1 +U,.k)

Ek =-t/J,k' (2.6)

The lower case Latin indices range over 1,2,3; summation of repeated indices is implied; a
comma denotes partial differentiation and a superposed dot indicates differentiation with
respect to time.

The terms that appear in these equations are Cartesian components of tensors as listed
below:

Tij stress tensor
D; electric displacement vector
Slj strain tensor
EI electric field intensity vector
UI displacement vector
t/J electric scalar potential
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p mass density
C;jkJ elastic material tensor
tiki piezoelectric material tensor
E;j dielectric material tensor.

We assume that the material is homogeneous in which case p, C;jId, tiki and E;j are constants.
Equations (2.1) are the local stress equations in the absence of body forces. The condition

(2.2) on the electric displacement vector involves the assumption of a quasistatic electric field
and is the electrical equivalent of the mechanical equations of motion (2.1). Equations (2.3) and
(2.4) are the constitutive equations relating stress and electric displacement to strain and
electric field intensity. Through the material constants these equations characterize the
behaviour of the piezoelectric material under consideration. Finally, eqns (2.5) and (2.6) give the
definitions of mechanical strain and electric field intensity in terms of the displacement
components and electric potential, respectively.

We note here the generally valid symmetry restrictions on the material constants that appear
in the constitutive equations.

CIjll =cjIkl =CtUJ }.
tldJ =tk,¥; EiJ =Eli

(2.7)

By successive substitutions, the original system of eqns (2.1H2.6) can be reduced to a set of
four equations in the four unknown variables U; and <1>:

(2.8)

(2.9)

In a linear piezoelectric medium, the internal energy density U, the kinetic energy K and the
electric enthalpy density H are given by the following expressions:

1 I (2.10)U = 2c;j/l/SijSkJ +2E;~;Ej

K I .. (2.11)= 2pUjUj

H= U-EtDi (2.12)

or

I I (2.13)H = 2c;jkJSijS/d - 2EuE;Ej - tijkE;Sj/l

so that

aH aH (2.14)Tij= aStj; D; = - aE;'

Also, from (2.10), (2.3) and (2.4), an energy balance equation can be derived:

if = T,~tj +E;D;. (2.15)

U and K are assumed to be positive-definite quadratic functions of SiI' E; and Uj' This is used
in deducing a uniqueness theorem for linear piezoelectricity analogous to Neumann's theorem
in elasticity. It is thus proved that a unique solution to the system of eqns (2.1H2.6) can be
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insured by specifying at each point of the body at time 10 , the quantities Uj. Uj and Ej and by
specifying at each point of the surface of the body at all times one member of each of the
products,

where

(2.16)

In eqns (2.16), Ij and (1 are the surface tractions and surface charge, respectively, and nj are the
components of the unit outward normal vector on the surface.

The eqns (2.1) and (2.2) and the surface boundary conditions can be alternatively derived
from the following variational principle for a piezoelectric continuum. In a region V bounded
by a surface S.

(2.17)

where 8uj and 8c/J are required to vanish at 10, I •• The variational principle represented by this
equation will be used in the derivation of 2-D approximate theories in the next chapter.

We will apply the piezoelectric theory described above to the special case of a polarized
ferroelectric ceramic, which has the symmetry of a hexagonal crystal in class C6• or 6mm
[6.7]. The restrictions on the elastic, piezoelectric and dielectric constants of a material
possessing this symmetry (with the symmetry around the x2-axis) are expressed by the
following arrays:

CII CI2 CI3 0 0 0
CI2 Cn CI2 0 0 0
CI3 CI2 CII 0 0 0

[cu] = 0 0 0 C44 0 0
o 0 0 0 C55 0
o 0 0 0 0 C44

where

[

0 0 0 0 0
[ejJ] = e21 e22 e21 0 0

o 0 0 eJ6 0

(2.18)

In eqns (2.18), the usual compressed subscript notation is used where capital Latin indices
replace pairs of lower case Latin indices. Accordingly, these capital indices take values 1-6.

We treat here only ferroelectric ceramic layers that are polarized in the thickness
direction. We let the coordinate system to which such a layer is referred be as shown in Fig. 1
with its origin located in the middle plane and with the x2-axis along the thickness direction. All
the points on the faces thus have X2 =±b where 2b is the thickness of the layer. The middle
plane intersects the right cylindrical edge boundary B of the layer in a curve C that lies on the
XI - X3 plane. It can be verified that because of the symmetry of the material around the poling
direction, the tensor components cijId, t4ij and fjj remain invariant under coordinate trans­
formations that leave the x2-direction unchanged.
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c

Fig. I. Piezoelectric layer and coordinate system.

Next we formulate a set of boundary conditions appropriate for the analysis of the
transducer problem. First, we specify at the two faces of the layer the tractions and the values
of the electric potential:

T2j(x., b, X3' t) = fi/(x" X3' t)

T2/(x., -b, X3' t) = Tij(X., Xl, t)

q,(x" b, X3' t) =q,+(t)

q,(Xh -b, X3' I) =q,-(t)

(2.19) .

where fiit Tii, q,+ and q,- are prescribed functions, For a layer that is not infinite in all
directions certain edge boundary conditions are needed as a requirement of a well-posed
problem. Accordingly, we specify the tractions at the right cylindrical edge boundary Band
require vanishing current across this boundary:

Tilly =~(~, t)} fEB
D.,n1' = 0 or ~ . (2.20)

As initial conditions we specify "I' "I and q, throughout the body V at time to' It can be
shown[8] that this initial-boundary value problem completely uncouples into flexural and
extensional modes of motion.

3. APPROXIMATE THEORIES

The approximate 2-D theories are derived here by substituting truncated trigonometric
series expansions of displacement components and the electric scalar potential into the
variational principle stated in eqn (2.17). Hence our first task is to produce for these functions
the appropriate infinite trigonometric series expansions on which the truncations are to be
made.

For a bounded or an unbounded plate referred to a coordinate system as in Fig. 1, it is
possible to make the following Fourier cosine series expansion of the dependence on the
thickness coordinate X2 of the displacement component functions:

(3.1)

where

.1. =X2
'I' b'

For the electric scalar potential, whose values at the faces of the plate are to be prescribed by
boundary conditions, a Fourier sine series expansion is made for the difference between the
actual electric potential and a linear approximation to it that satisfies the two specified boundary
values. Since this "difference function" must vanish at the faces, the suitability of a Fourier
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sine series expansion is evident. Thus, we have:

and we can take 4>(0) = 0 without any loss in generality. The coefficients of the linear
approximation, A and B, are determined by the specified boundary values of the electric
potential,

(3.3)

in the following way:

(3.4)

The process of choosing the relatively more important terms of the series in eqns (3.1) and
(3.2) is the truncation process, and it determines the order of the resulting approximate theory.
The lowest order theory, which is labeled here as the zero-order theory, involves a special
truncation procedure and a number of additional assumptions that do not have equivalents in
the treatment of higher order theories. This theory is developed in [8] and found to be
unsuitable for the purposes of transducer analysis under the conditions of interest. For this
reason the Nth order theory (N ;;It I) is presented here.

Nth order theory (N ;;It 1)
In the Nth order theory the truncation procedure consists of setting to zero in (3.1) and (3.2)

all terms of order higher than N:

Ur' = O}
4>(11) = 0 for n > N.

From this we get

N nTrUj=LU/"'COS-2 (1-1/1),
11=0

and

Substituting (3.6) and (3.7) into (2.5) and (2.6), we obtain

N { n'IT - n'IT }E, =ko El"'cosT(l- 1/1)+ Eln' sin T(1- 1/1)

(3.5)

(3.6)

(3.7)

(3.8)

where S~;), SLn), the nth order components of 2-D strain and Ein), E/n" the nth order
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components of 2-D electric field intensities are defined as follows:

S~IIl = ! (U~II} + U~II»
1/ 2 1.1 1. 1

E."') = - 811082iBlb +82i ~; tPIII )

E·III)=_..I.I~l
I "1' ••

in which 8... represents the Kronecker delta:

8_{I for r = s
,,- 0 for r#- s.

Next the 2-D stress and electric displacement components are defined by

(3.9)

(3.10)

Substitution of (3.8) into (2.3) and (2.4), then, in turn, into (3.10) yields the 2-D nth order
constitutive relations:

N

T~l =(1 + 8.o)(cij.tIS~l - eld/EllIIl) +I {A","(CiildS~i'l - eli,El,ml)}
",-I

N

D/"l =(1 + 811o)(eiilS~Zl +EqErl)+I {Amll(eij.tS~;'l +Ei/Erl)}
",-I

N

t~l =I {Allm(Cij/dS~i'l - eli/ElI"'l)} + CijkIS~') - ekijE"IIIl
",-0

N

D~"l = I {Allm(eij.tS~) +EqE}"'l) +ej/kS~l +Ei~rl
",-0

in which

II . m'IT n'IT
Amll = _I sIDT(1- t/J) cosT(1- t/J)dt/J

so that

(3.11)

for m+n even

for m+n odd.
(3.12)

In deriving (3.11) we have also made use of the following identities:

(3.13)
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We proceed next to the consideration of energy and energy-related quantities. In this regard,
we define 2-0 kinetic energy, electric enthalphy and internal energy densities as follows:

K. = fl K dI/J; Ii = fl H dI/J; 0 = fl U dI/J.
-I -1 -I

Use of (2.11) in the first of (3. 14) with (3.6) and (3. J3) yields

(3.14)

(3.15)

For the internal energy and electric enthalphy densities, we first use the constitutive equations
(2.3) and (2.4) in (2.10) and (2.12) to get

(3.16)

(3.17)

Substituting next (3.8) into (3.16) and (3.17), then, in turn, into the second and third of (3.14) and
using also (3.10), we arrive at the results:

(3.18)

(3.19)

We note that Ii is a quadratic, homogeneous function of the 2-D strain and electric field
components, S~), S~), EP'), Eln).

A correction factor a has been introduced into (3.20) through the following definition of
Bmn :

(3.21)

The value of a is to be determined later by comparison of certain dispersion curve branches
calculated from the 2-D and "exact" 3-D theories.

Except for the consideration of the correction factor, a, it can be directly verified from
(3.21) that the following relations are satisfied:

aH - iJH
T~) =aSi;j; .T~)=aSlr)

(3.22)
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Two dimensional constitutive relations derived from (3.22) and (3.20) will be used in the
remainder of this paper. Replacement of Amn by Bmn in (3.11) produces such modified
constitutive relations.

The development up to this point of the approximate Nth order theory lays the groundwork
for the application of the variational principle of (2.17) for the purpose of deriving the stress
equations of motion and charge equations of the 2-D theory.

Using (3.14) and taking the variation inside the integral signs, we rewrite (2.17) as:

b {'dTf ~(1( - H) dA +1/ dT { (tj~Uj + CT~(/J) dS = 0, (3.23)J/o A /0 Js
in which A represents the area of the middle plane, and S represents the total boundary of the
layer as a 3-D body, that is, the union of upper and lower face boundaries S+ and S- and the
edge boundary B.

We now consider (3.23) term by term and after some lengthy manipulations obtain

(3.24)

in which we have used the fact that ~ur> vanishes at to and t.

-b (' dT L8H dA = -b 1/ dT Lf {Tl~)ny~uln)+ Dy(n)n..,8t/>(n)}dC
J/o A /0 C n-O

+b {dT L~o {(Tlj,}- ~; fli») 8uln)+(Dl~l+ ~; D2(n»)8t/>(n)} dA, (3.25)

in the derivation of which we have used (3.22) and (3.9), the symmetry of T~) and f~), and the
divergence theorem.

1/dT L(tpUj + CT~t/» dS = I' dT Lf F;(n)8uin)dA
/0 S /0 A n-O

+ b I' dT Lf (tr)8ur) + a(n)~t/>(n) dC
10 C n-O

(3.26)

in the derivation of which we have used S = S+ US- UB as well as (3.6), (3.7) and the fact that
~t/> = 0 on S+ and S-. Also, the quantities F;(n), tr), and a(n) are defined by

fl n1r
tr) = _I tj cosT(1- 1/1) dl/l

a(n) = fl CT sin n1r (1- 1/1) dl/l.
_I 2

(3.27)

The definitions of tr) and a(n) hold inside A as well as on the boundary of A.
Substituting (3.24H3.27) back into (3.23) we obtain a variational principle in terms of the

variations of the 2-D components, ~uift) and ~t/>(ft):

b1/ dTf f {[T~~~-!!! fli)+!F;(ft)
/0 A ft-O 2b b

-p(1 + ~fto)iilft)] ~ulft)+ (D~l+ ~; D2(ft») 8t/>(ft)} dA

+b I' dT { f ((tin) - Tl~)ny)~ulft)
'0 Jc ft-O

+(a(ft) - D~)n'Y)8t/>(ft)} dC = O.

(3.28)
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Since the variations 8u/,') and 81/1,n) are arbitrary inside A, we obtain from this the 2-D stress
equations of motion:

T~!').-!!.?!T-\n)+!~(n)=p(I+~ )u-·(n) 0 I N
'1.1 2b .2 b r; uno. n = , ,... ,

and the 2-D charge equations:

D-\n>+n7T D ,n)=o 12 N
1.1 2b 2 ,n = , , ... , .

(3.29)

(3.30)

Also, on the boundary C of area A we conclude:
(a) Either Suin) is arbitrary and tin) =Ti;)ny or uin) is prescribed and 8u,'n) is zero for

n =0, I, ... ,N.
(b) Either 81/1,nl is arbitrary and a,n) =Dy(n1n." or l/1,n) is prescribed and 81/1,nl is zero, for

n = 1,2, ... , N.
We see that in addition to the stress equations of motion and charge equations, the

necessary edge boundary conditions have resulted from the variational principle. Thus, the
formulation of the 2-D field equations for the approximate Nth order theory is complete.
Equations (3.29), (3.30) and (3.1 I) with Amn replaced by Bmn and (3.9) form a system of field
equations analogous to the set of eqns (2.1)-(2.6) of the 3-D theory. The variables involved in
the 2-D system are listed in Table 1.

The total number of variable components listed in Table I adds up to 35N + 18 for Nth
order theory. The total number of field equations used in the Nth order system can also be
counted to be 35N +18.

As in the 3-D theory this large system can be reduced by successive substitutions to a
system of 4N +3 field equations in 4N +3 electrical potential and displacement components,
l/1,n), uin):

N N

(l + 8no)cijk/uk~li +~ {B_e~~~)}+ 2
7T
b ~ {mBmnCij21uti) - nBnmczjk,Uk~i}

mcl ",-0

( )2 ( )2 Nn7T (n) n7T (n) 7T (m) "(n)
-Ib(e2ii+ e;2j)l/1.i - 2b CZiz/U, + 2b '*1{mnBnmeZ2il/1 }-(1+8no )PUi

- =l Rln) n7T B 1b (3.31)- b j + 2b ekZj no8ZkB .

Table I

Range of Tota 1 tlUl;lber
Variahl p Order. n of Cor,l[Junents

T~~) n-O,l, ....N 6{tl+1 )
1J

y(n) n"l .....N 3N12

O(n) n=l •.••• N N2

O(n) n-l ••.• ,N 3Ni

S(n) n=O,l, ....N 6(M+l )1j

-(n)
n=l ••••• N GilSij

[(n) n:O.l .....N 3(N+l )i

--(n) n=l ~ ... .. t: 3N[,

u(n) n-O.l .....N 3(lHl )
1

~(ni n=l •.•••N N
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for n = 0, I, ... , N: j = I, 2, 3

N
~ {B llll)} A-ln) /l1T ( ) (n)
~ nlllejjkUj. kj - Ejj'l'. ij +2b em + e2ki Uk. i

III a O

N ( )2 N+2~ L {Ejl(mBnm - nBmn)<b~T)} + 2
1T
b L {Bmnmne22kUk(m)}

mal maO

(
n1T)2+ 2b E22<b

hl
) =°

for n =1,2, _.. , N
The forcing functions that are supposed to be given with a problem appear on the r.h.s.'s of

(3.31) and (3.32). The conditions ensuring the uniqueness of the solution of the system of eqns
(3.29), (3.30H3.9) and (3.11) are established in {8] through the development of a uniqueness
theorem.

Formulation for crystal class C6v

Here we focus attention on the special case of a hexagonal crystal in cla!ls C6v with the
poling direction along the x2-axis. The 2-D displacement-electric potential field equations for
this case are derived by substituting the arrays given in (2.t8) into (3.31) and (3.32). The
resulting differential system is as follows:

(l + 8no)cJJu\~11 +~ (l +8no )(Cll- (13)u\~h+~ (l +8n,,)(Cll +en) u~~b +2
1T
b f {Dmnu~,:,/}

maO

- ;; (e2' + eI6)<b~~)+ (;;)2 C....U,(n)- (1 +8no }pu,(n) = ~I FIln)

for n =0, I, ... ,N.

N

(l +8n,,)c....(u}~11 +u};h)+ L {BmneI6(<b~'i1+ tb~i'1)}
mal

for n =0, 1, ... , N

~ (1 + 8",,)(clJ +c13}u\~h +~ (1 +8,w}(CII - C13}U);\1

N

+(l +8no)cllU~;h +2
1T
h L {Dmnu}':'J} (3.33)

m"O

n1T ( + )A-(n) (n1T)2 (,,) (1 + il ) .. ("I -IF (nl- 2b e21 tl6 '1'.1 - 2b C....U3 - Vnn PU3 =7) 3

for n = 0, I, ... , N

N

! {BnmeI6(u~':'I, + U~~J3}} - ElJ(<f>~'\ + <f>~~~)
m"O

for n =J, 2, ... , N,



1170

in which we have defined

N. BUGDAYCI and D. B. BOGY

Due to the fact that the trigonometric functions in the expansions (3.6) and (3.7) are either
odd or even, the question of the uncoupling of extensional and flexural modes is somewhat
simplified in the 2-D case. In fact, a little reflection will show that those components ur) for
which n+j is odd represent extensional modes of motion and those for which n +j is even
represent flexural modes. Keeping this rule and the definition of Bmo in mind, we notice that the
first, third, and fourth of (3.33), for even n and the second of (3.33) for odd n involve only
extensional components whereas the opposite situation involves only flexural components. (In this
context, we consider tP(O) a flexural component when n is odd and an extensional component when
n is even. This is in line with the results from the 3-D theory.) Thus, we see that the separation of
extensional and flexural modes of motion that transpires in the 3-D theory is also reflected in this
particular approximate 2-D formulation.

4. DISPERSION RELATIONS

In this section we investigate the dispersion relations for harmonic waves propagating in an
infinite piezoelectric plate. The material of the plate, its poling direction and the coordinate
system to which it is referred are as in Section 2. In addition, we specify for the present
problem the boundary conditions of vanishing tractions and vanishing electric potential at the
two faces:

(4.1)

As was noted earlier, a solution for this problem deduced from the 3·D linear theory of
piezoelectricity already exists [1]. We want to compare the dispersion curves calculated from
this solution to those calculated from the approximate theories of various orders described in
the preceding chapters. We seek to establish by this means the regions in the frequency-wave
number plane within which a particular approximate theory can be considered useful.

We consider here as in Ref. [I] straight-crested waves with propagation vectors lying in the
plane of the plate. We can then set up the coordinate system so that the propagation vector is
along the xI-axis and assume for the field variables harmonic dependence on XI and t.

Treating at first briefly the case of the shear horizontal (SH) waves, it is shown in [8] that
the exact solution for the displacement component U3' which is the only field variable involved
in the SH motion, is given by

(4.2)

We observe from (4.2) that each element of the series expansion for U3 in (3.1) is a SH solution
of the problem. Also, we find that both the 3-D field equation governing U3 and the 2-D equation
governing U3(0) (third of (3.33) with F3(0) and the dependence on X3 eliminated) give the same
dispersion relation for the nth branch of the SH dispersion curves:

(4.3)

where n, '55 and z stand for the dimensionless frequency, elastic constant and wave number,
respectively. They are defined by:

n- I(l!-) _(zJ - _ £JL- V c.. (1r/2b)' Cu - c..' Z= €/(~). (4.4)

Since the approximate and exact theories give the same result for the SH displacement
component in the xl-direction, it follows that we have to consider the displacement components
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in the XI and X2 directions along with the electric potential, in order to determine the limits of
the usefulness of the approximate theories.

The dispersion relations for the general Nth order theory are derived from the field
equations (3.33). When the forcing terms F!ft) and B(t) are set to zero and the dependence on
the x3-coordinate of the variables is eliminated, the SH components "3(ft) uncouple as discussed
before. The remaining set of 3 equations can be rewritten separately for extensional and
flexural variables. It is convenient for this purpose to define two integers, Rand S by:

R - { N/2 for even N
- (N - 1)/2 for odd N

(4.5)

I

N--1
S = 2 for even N

(N - 1)/2 for odd N.

Excluding the 2-D SH displacement components in the x3-direction, the extensional variables in
the Nth order theory are:

"1(2k),k = 0, 1, ,R

t/J(2Ic),k =1,2, , R

"2(2k+1),k = 0,1, .. " S.

These (2R +S+2) variables satisfy the following (2R +S+2) equations which are merely
the first, second and fourth of (3.33) rewritten for extensional variables:

(l +«S/co)CII "?~)I +~ {2~ D(2r+I)(2Ic)"~I+I)}

k 11' ( ) (2k) (k11')2 (2k)- b e21 +el6 t/J, I - T C44".

- (1 ~)" (2Ic) - _! F (2k) f k - 0 1 R+ lJ/co P". - b. or - , , ... ,

R

C44"?~rl) +~ {B(2r)(2k+1)eI6cP~W
r·O

+~ D(2r)(2Ic+1)U'~I) +(2~)
2

B(2Ic+1)(2r)e22(2r)(2k +1)t/J(2r)} (4.6)

[
(2k + 1)11']2 (2Ic+I) .. (2k+l) 1 F (2Ic+1) +(2k + 1)11' B ( 1 ) B(t)

- 2b C22"2 - P"2 = -b 2 2b (2k+110 b en

for k = 0,1,2, ... , S

k11' ( ) (2k) (k11')2 .I.(2k)+T eI6+ e2. "1,1 + T E22'1'

+(2~r en(2k)~ {(2r+ I)B(2r+I)(2k)"2(2r+I)}=0

for k = I, 2, ... , R.

To find the extensional dispersion relations for the Nth order theory, we let

FI(2Ic) =F2(21c+1) =0 for all k; B(t) =0
u,(2Ic) = A.(2Ic) ei(ez-..tlfor k = 0,1, ... , R

U2(21c+I) =-iA2(21c+1) ei(ez-",,) for k =0,1, , S

cP(2k) =-iAPk) eicez-..,) for k =1,2, ,R.

(4.7)
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When these equations are substituted into (4.6). one obtains a set of (2R +S+2) linear
equations in the (2R +S+2) complex constants A.(U). A2(u+l) and Ai21t ). To ensure the
existence of a non-trivial solution. the determinant of the matrix of the coefficients of these
complex constants in the system is set to zero. The resulting determinantal equation can be
represented in the following form after non-dimensionalization:

0(1) 0(6) 0(5)

IQ= Q(6)T 0(2) 0(4) =O.
Q(5)T Q(4)T Q(3)

(4.8)

(4.9)

Here the matrix 0 of which the determinant is set to zero is represented in terms of
sub-matrices Q(I) to Q(6) and their transposed matrices. These sub-matrices are defined as
follows:

(i) Q(I) is an (R +1) by (R +1) diagonal matrix. The diagonal elements are given by:

O::J =-(1 +8p .)CIIZ2 - (2p - 2)2 +(1 +8pl)02

P=1.2•...• R+ 1. no summation on p.

(ii) 0(2) is an (S +1) by (S + 1) diagonal matrix. Its diagonal elements are given by:

O~J =- Z2 - (2p - 1)2c22 +0 2

P = 1.2•...• S +1. no summation on p.

(iii) Q(3) is an R x R diagonal matrix with diagonal elements given by:

(4.10)

p =1.2•...• R. no summation on p. (4.11)

(iv) Q(4) is an (S + 1) x R matrix. Its elements are given by:

O~ =- B(2q)(2p-neI6z2 +e22(2q)(2p -l)B(2P-I)(2q)

p=I.2.... ,S+I; q=I.2•... ,R

(v) Q(5) is an (R + I) x R matrix. Its elements are defined by:

for p =1. 2•...• R; others zero.
(vi) Q(6) is an (R +1) x (S + I) matrix. Its elements are given by:

(6) -Opq =D(2q-I)(2p-2)Z

P=1,2..... R+1; q =1.2•...• S+1

where

(4.12)

(4.13)

(4.14)

It may be noted that the matrix Q defined above through sub-matrices Q(I) to Q(6) is symmetric.
Equation (4.8) represents the dispersion relation for extensional waves in the infinite piezoelec­
tric plate as derived from the Nth order approximate theory.

The dispersion relation corresponding to the flexural components of the wave motion is
found in the same way. Excluding again the SH displacements components in the Xl-direction,
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we list here the flexural variables for the Nth order theory:

U112H I>, k=O.I, ,S
U212.), k=O.I, ,R

q,I2k+1). k =0, I, , S.

We rewrite the first. second and fourth of (3.33) in terms of the (2s +R+3) flexural variables in
this list to obtain the following set of (2S +R +3) equations:

(2HI) ~ {1r n 12rl}
CIIUI.II +:Efl 2b UI2r)(2k+I)U2.1

(2k +1)1r ( + ).J.12k+1> [(2k + ])1r]2 (2HI)
- 2b e21 el6 '1'.1 - 2b C44U,

pu" (2k+1) - 1F (2HI) k 0 I S
- I --Ii I ' =, , ...•

(l + 8to)C44U~\ +f {B(2r+II(2k)eI6.p~'i+1)
r-O

- 2~ D(2k)(2r+I)U?'i+I
)+(;re22(2r +1)(2k)B(2k)(2r+ I) t/>(2r+1)}

-e;r c22u2(2k)-(1 +8to )pU2(2k)::: -t F2(2k), k::: 0.1•... , R

~ {B l2rl } .J.(2k+ll (2k + 1)1r ( + ) (2HI)
~ (2HI)(2r)e'6U2,1I -"11'1'.11 + 2b el6 e21 U',I
r-O

+(2~re22(2k +1)~ {(2r)B(2r)(2k+I)Upk)}

+[(2k;bl)1Tr"22q,(2k+1) =0, k = 0.1•... , S

The flexural dispersion relation is derived from these equations by first letting.

FI(2HII =FPk) =0 for all k,
UI(2HI) =A,(2k+I) e'(fA'I-..tl, k =0,1, ... ,S

U2(2k) = - iAPk) e/(fA',-..II, k =0.1, .. " R
t/>(2k+!) = - i APHII el(fA'I-..II, k =0, 1•... , S.

(4.15)

(4.16)

Equations (4.16) are now substituted into (4.15) and a set of (2$+R+3) linear equations in
(2S +R+3) complex constants A/2k+I). A2(2k) and APHI) is obtained. As before, we set the
determinant of the matrix of the coefficients to zero to obtain the result:

IHI =
H(I)
H(6IT

81SlT

H(6)

H(2)
ij(4)T

HIS)

H(4) =0.
8(3) (4.17)

This is the dispersion relation for the flexural wave motion as derived from the Nth
order approximate theory. The matrix /f is defined through the submatrices /f(I) to /f(6) which are
in tum defined as follows:

(i) H(I) is a (5 + 1) x (5 + J) diagonal matrix'with the diagonal elements:

H~J =-CllZ2 - (2p - 1)2 +0 2

P = 1.2, _. _.5+ I, no summation on p.

(4.18)
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(ii) If(2) is a (R + 1) x (R + 1) diagonal matrix with the diagonal elements:

H~J = -(I + 15pl )Z2 - (2p - 2)2 C22 + (I + 15pl )02

P = 1, 2, ... , R + I, no summation on p.

(iii) If(3) is a (5 + I) x (5 + 1) diagonal matrix with diagonal elements:

H~J = EIIZ2 +(2p -1)2

p = 1,2, ... ,5,5 + I, no summation on p.

(iv) If(4) is a (R + 1) x (5 + 1) matrix defined by:

(4.19)

(4.20)

H~~ =- B(2q-lll2P-2IeI6z2 + e22(2q -1)(2p - 2)B(2p-2ll2q-1) (4.21)
p = 1,2, ... , R, R + 1; q = 1,2, ... ,5,5 + 1.

(v) If(S) is a (5 + 1) x (5 + 1) diagonal matrix with diagonal elements:

H~J = -(2p - 1)(i21 + el6)z

p =1,2, ... , S, S + 1, no summation on p.

(vi) If(6) is a (5 + I) x (R + 1) matrix defined by:

H (6)-D- zpq - (2q-2)(2p-1)

P = 1, 2, ... , 5, 5 + 1; q = 1, 2, ... , R, R + 1.

(4.22)

(4.23)

The matrix H thus defined through sub-matrices H(I) to H(6), is observed to be symmetric. . .
like the corresponding matrix q of the extensional dispersion relation.

For the flexural dispersion relation corresponding to first order approximate theory, we
obtain from eqn (4.17) with N = 1:

02_ CIIZ2_1

IHI= -aAloz
-(e21 +el6)z

-aAloz
2(02- Z2)

-aA lOel6z2

-(e21 +el6)z
-aA'OeI6z2 =O.

EIIZ2+1
(4.24)

We now determine the value of the correction factor a so that the lowest branch of the
flexural dispersion curve does not intersect the real part of the z-axis. Thus we avoid the
physically unfeasible result of negative frequency for long wavelengths. Setting 0 = 0 in (4.24)
and expanding, we obtain:

Z6(UII EII +a2A~Oe~6CII) +Z4[UII +U II

+ a2A~oe~6 - a2A~OEII- 2a2A~oeI6(eI6 +e21)

+2(e21 +e16)2] +z2(2 - a2A~o) =O.

Setting the coefficient of Z2 in (4.25) to zero gives:

1T

a =2y'2'

Then all the non-trivial roots of (4.25) are found ·to be purely imaginary

[
- + -2 ]1/2_. _ + . ell e21

ZI- 0,Z2.3--' ~ (- +-2) .
loll Ell el6

(4.25)

(4.26)

From this point on, the value for a indicat~d in (4.26) will have been substituted in all results.
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For the extensional dispersion relation corresponding to the first order approximate theory
(N =I), eqn (4.8) gives:

(4.27)

Now setting N = 2 in (4.17), we obtain the flexural dispersion relation derived from the second
order approximate theory:

IIII=
0 2-1- CIlZ2 -y(2)z

-y(2)z 202- 2z2

(2A2ICI2-A12)Z 0
-(i21 + i 16)Z - y(2)eI6z2

(2A21 C12 - A I2Z)

o
02- 4c22 - Z2

- A12el6z2 + U 22A21

-(i21 + i 16)Z

-y(2)e16z2

-A12i16Z2 + U 22A21

EIlZ2+ 1

=0

(4.28)

Finally setting N = 2 in eqn (4.10) we obtain the extensional dispersion relation for the second
order approximate theory:

2(02- CIlZ2) 0 y(2)CI2Z 0

0 0 2-4- CIlZ2 ..±.(4 - CI2)Z -2(i21 + el6)z
311"

IQI= y(2)CI2Z ..!.(4 - CI2Z) 0 2 - C22- Z2 8 (_ 2 _) =0.
31T - 311" el6Z + e22

0 -2(i21 + i 16)Z
-8 (_ 2 -) EIlZ2+4311" e16Z + e22

(4.29)

The dispersion curves corresponding to the dispersion relations for the first and second
order approximate theories are plotted together with the appropriate branches of the exact
dispersion curves in Figs. 2-5 as follows:

Figure 2: Flexural exact and flexural zeroth and first order approximate curves.
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Fia- 2. Dispersion curves for flexural waves in PZT·5.
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Figure 3: Flexural exact and flexural second order approximate curves.
Figure 4: Extensional exact and extensional first order approximate curves.
Figure 5: Extensional exact and extensional second order approximate curves.
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Fig. 5. Dispersion curves for extensional waves in PZT-5.

SUMMARY

The main result of this paper is a set of approximate 2-D theories useful for analyzing
motion of piezoelectric layers when tractions and voltages at the faces of the layer are
specified. Through such an approximate theory the dependence on the thickness coordinate is
eliminated from the problem. These results permit the analysis of piezoelectric transducer
response without making the usual I-D assumptions, since the theories accommodate any
functional dependence of the mechanical and electrical fields on the faces of the layer. Also the
theory encompasses strong piezoelectric coupling of the type that occurs in usual transducer
piezoelectrics such as PZT.

The theory was developed for arbitrary order N. The dispersion curves were calculated for
orders up to N =2 for the approximate theory and the corresponding branches were calculated
from 3-D theory for PZT-5.

For applications involving motion at relatively high frequencies, the approximate theories
presented here can be improved by introducing a second correction factor into the enthalpy
density term (3.20). By means of this additional correction factor the slope of the dispersion
curves for the approximate theories can be adjusted as the wave number gets larger so as to
coincide with that for the surface wave velocity.
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